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Let m and n be positive integers, and let f(n) be an arithmetic function. We 
discuss subsets E of the set of positive integers, for which f(m + n) =f(m) +f(n) 
whenever m, n E E. (The set E need not be maximal for J) Our main result is that 
if f  is multiplicative, there is a nonsquarefull integer m with f(m) # 0, and E is the 
set of primes, then we have J(n) = n for all n. The proof uses results on the set of 
exceptions to Goldbach’s Conjecture. We examine related problems, including some 
density questions. [g 1992 Academic Press, Inc. 
1. INTRODUCTION 
Throughout this paper, m and n denote positive integers, and p, q, and 
r stand for primes. Take f(n) to be an arithmetic function, and let E be a 
subset of the set Z+ of positive integers. 
DEFINITION. Let S be a set of arithmetic functions. If there is exactly 
one element f(n) of S which satisfies 
f(m)+f(n)=ffm+n) for all m, n E E, 11) 
then we term E an additive uniqueness set for S. 
Thus, the set of multiplicative functions is an additive uniqueness set for 
Z+, but not for {2n:nEZ+). 
Our main theorem, which we prove in the next two sections, implies that 
the primes form an additive uniqueness set for {f multiplicative: f(po) # 0 
for some prime p,, j (see Theorem 1). The proof uses the fact that almost 
every even number is the sum of two primes (cf. [2, 3, 51). In Section 4, we 
discuss other examples where one of the constraints on f is that f be 
multiplicative. In Section 5, we examine the case where f is additive. 
Finally, in the last section, we discuss open problems. 
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2. STATEMENT AND BEGINNING OF THE PROOF OF THE MAIN THEOREM 
Statement of Preliminary Lemmas 
The main result of this paper is the following theorem. 
THEOREM 1. Let f(n) be a multiplicative function such that there exists 
a prime pO at which f does not vanish. If 
f(p)+f(q)=f(p+q) for allprimes p1 9, (2) 
then f(n) = n for all n. 
Our demonstration of Theorem 1 will unfold as a series of lemmas. 
LEMMA 1. Zf f satisfies the hypotheses of Theorem 1, then we have 
f(2) = 2. 
Proof: Sincef(2)+f(3)=f(5), wecanassumethatp,isodd.Thus,(2) 
and the multiplicativity off yield 
f(2)f(Pcl)=f(2Pd=f(P,)+f(P*)=2f(P,). 
Since f (PO) # 0, we have 
f(2)=2. I 
LEMMA 2. Zf f fu&lls the hypotheses of Theorem 1, then we have 
f(n) = n for n = 1, 2, 3, 5, 17. 
Proof Since f is multiplicative, we have f (1) = 1. Moreover, Lemma 1 
gives f(2)=2. Therefore, (2) implies that f(4)= f(2)+ f(2) =4. So, we 
conclude from (2) and the multiplicativity off that 
The fact that 5 = 2 + 3, coupled with Lemma 1, forces 4f(3) = 2f(3) + 6. 
Consequently, f(3)=3. Thus, f(5)=f(2)+f(3)=5, so that f(7)=f(5)+ 
f(2) = 7. To verify that f(17)= 17, we use (2) to obtain f(17)= 
f(20) -f(3). Since f is multiplicative, f(3) = 3, f(4) = 4, and f (5) = 5, we 
have 
f(17) =f(4)f(5) -f(3) = 17. I 
LEMMA 3. Let f satisfy the hypotheses of Theorem 1. If it is known that 
every even number 2m, with 4 < 2m < 2N, can be written as the sum of two 
primes, then we have f(n) = n for all n <N. 
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Proof By the last lemma, we have f(n) = n for 16 n < 5. Assume that 
M is an integer with 5 < Md N- 1, and that we have f(n) = n, for all 
n 6 M. We will show that f(M + 1) = M + 1. If it4 + 1 is even then there are 
primes p, q with M+ 1 =p+q. Thus, (2) yieldsf(M+ l)=f(p)+f(q), so 
thatf(M+l)=M+l. So,itremains toshow thatf(M+l)=M+l when 
M+ 1 is odd. If M+ 1 is prime, then let q E { 3, 5) be chosen so that 
M+ 1 f 2 mod 4. Now, (2) yields 
f(M+ 1 +q)=f(M+ l)+f(q). 
By the multiplicativity off, we have 
flz)f( M+; ‘“) =f(M+ l)+f(q). 
Since f(n) = n for all n <N, we deduce that 
2(M+2l’“) =f(M+ l)+q, 
from which it follows that f(M+ 1) = M + 1. Now on the other hand, if 
M+ 1 is not prime, then since M< N - 1, we conclude that there are 
primes p and q with 
2(M+l)=p+q, p<M+l<q. 
Accordingly, (2) and the multiplicativity off yield 
NM+ 1) =f(p) +f(q). 
Since p < M+ 1, we have f(p) = p. Ergo, 
f(M+ l)= i(p+f(q)). (3) 
Select r E { 3, 5, 7, 17 > to guarantee that q + r 2 4 mod 8. Then (2) and the 
multiplicativity off give 
f(q)+f(e)=f T f(4). ( > 
Moreover, Lemma 2 implies that f(r) = r. Hence, the assumption that 
f(n) = n for all n < M yields 
f(q)+r=y.4, 
forcing f(q) = q. By (3), we have f(M + 1) = A4 + 1, and the lemma is 
proved. 1 
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It is clear from Lemma 3 that our main theorem follows from 
Goldbach’s conjecture. We could circumvent the necessity for appealing to 
this conjecture by making the following two-step argument: Step 1. Show 
that f(n) = n for all squarefree n. We would reason that if n were a minimal 
squarefree counter-example, then n could not be composite by the multi- 
plicativity of J Then, we would use (2) to show that n could not be prime. 
Step 2. Establish that if n is any positive integer with f(n) #n, then there 
exists a subset of the even positive integers having positive lower density, 
such that if m E T, then we have f(m) #m. We would construct T with the 
aid of the result of Step 1. Next, we would apply the theorem that almost 
every even number is the sum of two primes [2,3,5] to show that for 
almost all elements m in T, there exist primes pm and qm with pm + qm = m. 
Thus, (2) gives 
f(m) =f(pd +f(d. 
After this deduction, we deduce from the result of Step 1 that f(p,) = pm 
and f&J = qrnT so that f(m) = m. In this manner, we would obtain a 
contradiction to the fact that the density of T is positive. 
If p is any prime and n is any positive integer, write v,(n) for the 
exponent on p in the prime factorization of n. In place of Step 1, we prove 
the following result. 
LEMMA 4. Let 
H= {n : v,(n) < 1 if p > 1000; v,(n) < [9(log lO)/log p] - 1 if p < lOOO}. 
(4) 
Then we have f(n) = n for all n E H, provided that f satisfied the hypotheses 
of Theorem 1. 
Remark. We can rewrite H as 
{n : v,(n) < 1 if p > 1000; p”p@)+ ’ < lo9 if p < lOOO}. 
We will use the result that Goldbach’s Conjecture holds for every even 
number 2m with 4 < 2m < 2.10”. This is the current record, and is due to 
Granville, van de Lune, and teRiele [6]. We could use a weaker result 
than this one, but it would require more work. For more information on 
records of this type, we refer the reader to [6]. We will deduce Lemma 4 
from the following lemma, the proof of which we delay until the next 
section. 
LEMMA 5. For every prime p > lOlo, there is a prime q <p such that 
p+qeH. 
64114212.9 
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From Step 2 of the above plan of the proof, the reader can deduce that 
we need the following lemma, and can utilize the lemma following that one. 
LEMMA 6. Almost every even positive integer is expressible as the sum of 
two primes. 
Proof. This result is an immediate consequence of the main theorem of 
any of the papers [2, 3, 51. 1 
LEMMA 7. Assume that f satisfies the hypotheses of Theorem 1. For 
any positive integer n, put 
H,={mn:mcH,(m,n)=l} if 2(n; 
H,=(2mn:2mEH,(m,n)=l) if 2jn. 
Then ff,, satisfies the following properties. 
(i) Every element of H, is even. 
(ii) The set H, has positive lower density. 
Proof Property (i) is clear from the definition of H,,, since if n is even, 
then so is mn. 
One can establish property (ii) by observing that H, contains the set 
{mn : m squarefree, (m, lOOO!) = 1 } regardless of the parity of n, and then 
verifying that the set {m squarefree, (m, lOOO!) = l} has positive density. 
We prove the stronger result that the density of H, exists and is positive, 
for all n. Indeed, we can partition the elements 1 of H, according to the 
value of (1, A) if n is even, and according to the value of ((l/2)1, A) if n is 
odd, where A = & ~ 1oo0 pc9c’0S “MOM p1 ~ ‘. Thus the definition of H, gives 
H, = u {dm : m squarefree, (m, looO!) = 1) if 2 I n; 
dl An 
H, = u j2 dm : m squarefree, {m, IOOO!) = 1) if 2 j n, 
dl(W)An 
where the dot above the union sign signifies that the unions are disjoint. 
Accordingly, we have 
6(H,) = c $ S((m squarefree : (m, lOOO!) = l}) if 214 (5) 
dl An 
6(H,) = dEn & 6( {m squarefree : (m, lOOO!) = 1)) if 2 In. (6) 
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Now a special case of Lemma 1 of [lo] gives the existence of 
6({m squarefree: (n, lOOO!)= l}). 
(Indeed, if we take h = k = 1, and q = lOOO! in that result, we obtain 
- 
# (n ,< x : n squarefree, (n, lOOO!) = 1) = cx + O(&) as x--too, 
where 
c=$ pyI(l-~)(l-;)-‘.) 
Therefore, one can calculate 6(H,) from (5) if n is even, or from (6) if n is 
odd. 
LEMMA 8. If n E H, then every positive integer dividing n must lie in H. 
Proof: This result follows at once from the definition of H. b 
3. CONCLUSION OF THE PROOF OF THE MAIN THEOREM 
We will assume Lemma 5 for the moment, and prove Lemma 4. After 
completing the proof of Theorem 1, we will establish Lemma 5. 
Proof of Lemma 4. We argue by induction on n. For n < lo*‘, we can 
conclude that f(n) = n from Lemma 3 and the remark following the state- 
ment of Lemma 4. Now, let n E H with n > lo*‘, and assume that f(m) = m 
for all m E H with m <n. If n is not a prime power, then the conlusion that 
f(n) = n is a consequence of the multiplicativity of f, the last lemma, and 
the Induction Hypothesis. If n is a prime power, then n must be prime 
because n 2 10” and is contained in H. Therefore, by Lemma 5, there exists 
a prime 
with 
q<n (7) 
n+qEH. 03) 
So, (2) yields 
f(n)=f(n+q)-f(q). (9) 
Case 1. n + q is a prime power. 
Now n+q>n>lO”. Therefore, if n + q is a prime power, then n + q 
must be prime, by (8). Moreover, n and q are primes, so that if n + q is 
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prime, then q = 2. In that event, we apply Lemma 5 to n + q to obtain the 
existence of a prime r < n + 2 such that n + r + 2 E H. If n + r + 2 is a prime 
power, then r = 2, by the argument we just made to show that q = 2 if n + q 
is a prime power, Thus, n + r + 2 = n + 4. Since n and n + 2 are prime, n + 4 
must be composite. And, n + 4 lies in Z-J, so that n + 4 is not a prime power. 
Therefore, there are integers k and m with k > 1, m > 1, (k, m) = 1, and 
km = n +4. By (8), k and m are in H. Thus, the Induction Hypothesis 
yields f(k) = k, f(m) = m. Ergo, f(n + 4) =f(m) f(k) = n + 4 because k and 
m are coprime. Furthermore, two applications of (2) give 
The lemma now follows from Lemma 1. 
On the other hand, if n + r+ 2 is not a prime power, then there are 
integers k and m with k > 1, m > 1, (k, m) = 1, and km = n + r + 2. Thus, 
two applications of (2) and the fact that f is multiplicative, yield 
f(n)=f(n+2)-fV)=f(n+r+2)-f(r)-fV) 
=f(k)f(m)-f(r)-f(2). 
Now we can deduce the fact that f(n) = n from the Induction Hypothesis, 
provided that k<n and m <n. Clearly, kb2, so that m < (n+ r+2)/2. 
Since n > lOlo, andnandn+2areprimes,wehave2ln-l,and3ln--2. 
So, r=n, or r<n-3. If r<n-3, then m<(n+(n-3)+2)/2cn. 
Similarly, k < n if r < n - 3. If r = n, then choose 
Since n is odd, k is at least 4. Hence, m < (n + n + 2)/4 < n. Furthermore, 
we have m 2 3, since n + r is not a prime power and (m, k)= 1. Hence, 
k < (n + n + 2)/3 <n. 
Case 2. n + q is not a prime power. 
Then there are coprime integers k and m, with k > 1; m > 1, for which 
km=n+q. It follows from (7) that 
n+q n+q 
m=kG2cns 
Similarly, kc n. Therefore, (9), the coprimality of m and k, and the 
Induction Hypothesis combine to yield 
f(n)=f(k)f(m)-f(q)=km-q=n. 
The lemma is now proved. 1 
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We complete the proof of Theorem 1 by infinite descent on n. If the 
theorem is false, let n be the minimal counter-example. By Lemma 3 and 
the remark following the statement of Lemma 4, we have n > 10”. Now the 
definition of H, implies that every element of H, satisfies 
n I k; (k/n, n) = 1; k/n E H. 
Ergo, we can deduce from Lemma 4 and the multiplicativity of f that 
f(k) =f(n)fW)=fb) k/n for all kE H,. (10) 
Now every prime lies in H, by the definition of that set, and hence, 
f(p) = p for all primes p by Lemma 4. Thus, (2) guarantees that if k is any 
positive integer, then we have f(k) = k if k is the sum of two primes. Since 
n is a counter-example, we can deduce from (10) that no element of H, is 
the sum of two primes. Thus, from Lemma 7 we conclude that the set of 
even positive integers not representable as the sum of two primes has 
positive density. This deduction contradicts Lemma 6, and Theorem 1 is 
established. 1 
Proof of Lemma 5. The method of proof is related to the so-called 
“squarefree sieve” employed in [4]. For more information on this sieve, see 
[7, p. 331 and the introduction to [4]. By (4), n is not contained in H if 
and only if n is divisible by at least one element in the subset of prime 
powers rECr), where 
I [9(log lO)/log r] + 1 E(r)= 2 if r<lOOO; if r>lOOO. (11) 
We remark (see (12), below) that if c(r) were equal to 2 for all r, we would 
have an application of the aforementioned squarefree sieve. Accordingly, if 
p is any prime exceeding 10 lo, then the number N(p) of primes q < p with 
p + q E H, satisfies 
N(P)>K(P-l)- c c 1 
rprime q-cp,q+pzOmod&) 
=rc(p-l)- 1 x(p-l,r’(‘),-p). 
r prime 
(12) 
Here, we have written rr(x, k, h) for the number of primes r < x with 
r = h mod k. We partition the last sum into four smaller sums, 
1 n(p - 1, rscr), -P)=C,+C2+C3+C‘v 
I prime 
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c, = r<Tm MP - 1, raCr), -Ph
Ix,=- c 7c(p - 1, P”), -p), 
1ooo<r<(p--1)‘~‘~ 
c3= c n(p - 1, rEcr), -p), 
(p- 1)3”0<,$ (l/lO)(p- 1 I’/* 
.x4= c ?r(p - 1, P(“, -p). 
(l/10)()7- l)‘Q<r 
Now 
R(p - I, r’(‘), -p) = c 1. 
9~P-I,~“‘lP+4 
By (11) and the fact that p exceeds lOlo, we have 
72( p - 1, rocr), -p) = c 1 
9GP-I,r21P+9 
for r>il, (p- 1)‘12. 
We can bound the right side by making the substitution m = (p+ q)/r2, 
and ignoring the fact that r is prime. So, 
n(p - l), rECT), -p) < c - 
I= 2p-1 
O<m<(2p- l)Jr2 L I r2 
for r>$j p1/‘. 
Accordingly, 
2p - 1 w c 7’ 
(l/lO)(p- 1p <r [ 1 
Next, we apply the trivial estimate [x] <x, and the bound 
C --$<f+i, x21 real, 
.r c m 
to obtain 
Cd< c 
3+(2&Q ( 
100 10 
- 
(l/lO)(P- 1)“2 4 r p- 1 +(p- 1)‘,1’2 > ’ 
(14) 
TO bound zl, x2, and x3, we utilize a form of the Brun-Titchmarsh 
Inequality, which we state as our next lemma. 
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LEMMA 9. If 1~ n < x, and (m, n) = 1, then we have 
4x,n,m)< 
3x 
d(n) h&/n)’ 
where 4(n) denotes the Euler phi-function of n, and log x signifies the natural 
logarithm of x. 
This lemma is part of Theorem 3.8 on p. 110 of [7]. When we apply it 
to the sums xi, i= 1,2,3, we find that 
(16) 
I,< c - 3(P- 1) 1 
1m<,~(p-1)3~10 r(r- 1) log((p- 1) r-*1’ 
c3< c - 3(P- 1) 1 
~p-l)~1~~~.~(1~10)(p~l)1~2 r(r- 1) log((p-l)r-2)’ 
(17) 
To majorize the last sum, we observe that log((p - 1) r- ‘) 2 log 100 for 
r<(l/lO)(p-1) . , ‘I2 So if we again ignore the primality of r, we obtain 
c3< 3(P-1) 1 (P-1)3’LOsr~L:10)(p~,)1:2 VT log 
<3(P- 1) 
log 100 c -I-- (p-1)3/~~<, r(r- 1)’ 
The last inequality is obtained by removing the restriction that r not exceed 
(W)(P-1) . P 1’2 U on writing the general summand in the last sum as 
l/(r - 1) - l/r, and noting that the sum telescopes, we deduce that 
3(P- 1) IL<- 
1 
log 100 (p- 1)3’1O- 1’ (18) 
To bound the right side of (16), we observe that log((p- 1) rd2) 2 (4/10) 
log(p - 1) for r < (p - 1 )3/1o. Consequently, 
We delete the restriction r < (p - 1)3/‘o, ignore the fact that r is prime, and 
again use the fact that 
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telescopes, to obtain 
(19) 
To bound the sum in (15), we note that p - 12 lOi’, since p 2 lOlo, and p 
is prime. Thus, (11) implies that 
4” < lo9 < (p - 1 )9’10 for r6 1000. 
So, we have 
log((p- 1) r-e(rb$log(p- l), 
which gives 
We could do the last sum electronically, of course, but we find it sufficient 
and quicker to estimate it crudely. We rewrite the summand corresponding 
to Y as r +(‘)( 1 - l/r) - ‘, to get 
1 2 
r EW-lQ.- l)$YT 
Moreover, (11) implies that r ‘(‘)+I > 109. Since r ,< 1000, we must have 
9 
,.W > ‘0 > 106. 
r 
Hence, 
1 2 
r”wl(r- l)Gj$ 
Accordingly, 
If we use the crude estimate rr( 1000) -C 500, we obtain 
Cl <$5 lo;;: 1)’ (20) 
In view of (13), we now have an upper bound for the last sum in (12). 
Consequently, to show that N(p) is positive, and hence prove the lemma, 
we need an appropriate lower bound (i.e., analogous to Chebyshev’s 
Theorem) for ~(p - 1 ), which we state as the next lemma. 
LEMMA 10. For every positive integer n, we have 
2n log 2 
x(2n)>--- - 
log 2n 2 . 
This lemma follows from Eq. (18) on p. 83 of [ l]. Chebyshev obtained 
comparable results by the method of derivation indicated in [I]. More 
precise estimates are known (e.g., see [S, 9]), but we do not require them. 
Since p - 1 is even for any prime p > lOi’, we can conclude that 
4P-l)> 
P-l log 2 
iog(p- 1) 2 . 
(21) 
Now when we combine (13) with (14) (IS), (19), and (20), we obtain 
1 5 310g(p-1) 1 
I prime n(p-l,rt”‘,-p)$lo~~~l) (A +666+ (p- 1)3’1O- 1 log 100 
+WP- 1) 
p-l (2p- 1) =+ 
( 
lo 
p- 1 (p- l)i’2 
)). (22) 
When we put (21) and (22) together with (12) we find that 
N(P) 2 > log2 5 3 log(p- 1) 1 P-P --- 
3. lo5 666 (p- 1)3’1O- 1 log 100 
100 log(p - 1) 
(2P-l)- 
10 log(p- 1)(2t - 1) 
- 
(P- l)2 (p- 1)3’2 ) . 
Now each of the functions 
log( t - 1) 
(t- 1)3/‘0- 1’ ‘;;y;);’ (2t - 1), ‘;ylJ3;; (2t - 1) 
is a decreasing function of t in the range t > 10”. Thus, to bound the 
expression in curly brackets from below, we can evaluate it with 10” in 
place of p. We find that the expression in curly brackets exceeds 0.319. 
Ergo, 
N(p)>.3 ‘-’ >I 
WP - 1) 
for p > 10”. This estimate proves the lemma. 
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4. ADDITIVE UNIQUENESS SETS 
FOR NONVANISHING MULTIPLICATIVE FUNCTIONS 
The next result states that there are arbitrarily thin subsets of Z’ which 
are additive uniqueness sets for NV + {f multiplicative, nonvanishing). 
THEOREM 2. Let 1 6 a, <a, < . . be any infinite sequence of positive 
integers. Then there is a sequence (b, ) ,“= , of positive integers, such that 
(i) (6, : n E Z + } is an additive uniqueness set for NV. 
(ii) b, > a, for all n. 
Proof: Recursively select the integers b, as follows: First, choose 
b, = 2a, + 1. (23) 
Then, if bl, . . . . b2,,.. , are chosen (m 2 l), select 
bzm=(m+l)!a,,+l, b,,+,=m((m+l)!a,,+l). (24) 
Clearly, (ii) holds for all n. Assume that f E NV satisfies 
f(b,J+f(b,)=f(b,+b,) for all m, n. (25) 
We prove that f(n) = n for all n, by an induction argument. The 
multiplicativity off gives f (1) = 1. And, from (23), it follows that b, is odd, 
so that 
2f(b,)=f(b,)+f(b,)=f(b,+b,)=f(2)f(b,). 
Since f is nonvanishing, we must have f(2) = 2. Now, suppose that we 
have f(n) = n for some n k 2. From (24), we immediately deduce that 
(b 2m,m)=(b2,,m+l)=l, m>, 1; 
b 2m+l =mh m> 1. 
Accordingly, (25) and the fact that f is multiplicative yield 
((l+f(m))f(b,,))=f(b,,)+f(bz,+,)=f(b2,+b2,+~) 
=f(m+ l)f(b2m). 
If we put n = m into this equation and use the Induction Hypothesis, we 
get 
(n+ l)S(bJ=f(n+ l)f(L). 
The theorem is now a consequence of the nonvanishing of J l 
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We remark that if f is allowed to vanish “frequently,” our results are 
weakened considerably. 
5. ADDITIVE FUNCTIONS 
A subset of E+ of positive density can fail to be an additive uniqueness 
set for {f additive}. However, as in the case of NV, there are arbitrarily 
thin sets of additive uniqueness for {f additive). We state this result as 
Theorem 3, and omit the details of the [very short] proof. 
THEOREM 3. Let 1<a,<q< ... be any sequence of positive integers. 
Then there is a sequence of positive integers {b, > ,“= , such that 
(i) {b, : nE Z’} is an additive uniqueness set for {f additive); 
(ii) b, > a, for all n. 
It can be shown that the set of primes is an additive uniqueness set for 
{f additive}. The proof is much easier than the proof of Theorem 1, and 
we omit the details. 
6. OPEN PROBLEMS 
In proving Theorem 1 we used some facts about very small primes. We 
ask if the theorem remains true if we require that (2) hold only for 
sufficiently large primes. Is there a subset of the primes having positive 
lower density in the set of primes, which is not an additive uniqueness set 
for NV? 
One can ask whether other interesting sets are additive uniqueness sets 
for NV. For example, if we take the set F of positive Fibonacci numbers, 
then it follows from (1) and the fact that f(l)= 1, that f(m)= m for every 
m E F. Are almost all infinite subsets of Z+ additive uniqueness sets for 
NV? 
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